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We show that current investigations of Lorentz invariance violation (LIV) in 2νββ decay could be
complemented by searches in the single electron spectra and angular correlations between emitted
electrons. We find that the angular correlation and the ratio between the spectrum including
contribution and the Standard Model one diverge near Q-value. We find that both the sign and
magnitude of the strength coefficient (˚a
(3)
of ) play a paramount role in the identification of LIV
signatures. We also raise the issue of negative decay rates in case of negative a˚
(3)
of values.
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Introduction. Searching of evidence to probe the
Lorentz invariance violation is a very current topic that
joins the increasing effort to test the limits of the Stan-
dard Model (SM) [1, 2]. The theoretical basis of these
searches is the SM extension (SME), an effective field
theory including operators that break Lorentz invariance
for all the particles in the SM [2, 3]. In particular, the
neutrino sector of SME provides the theoretical frame-
work for a rich phenomenology for searching evidence of
LIV, for example, those that can be proved in neutrino
oscillations experiments [4–7]. However, there are LIV
signatures related to the so-called countershaded effects
associated with the oscillation-free operators of mass di-
mension three, which cannot be investigated in such ex-
periments. The study of beta and double-beta decays of-
fers the possibility to investigate of LIV effects related to
the time-like (isotropic) component of this oscillation-free
operator whose size is controlled by the coefficient (˚a
(3)
of ).
In ref. [8, 9] the LIV effects in 2νββ decay were cal-
culated for the summed energy spectra of electrons, but
employing a non-relativistic approximation for the elec-
tron radial wave functions. At present, the accuracy re-
quired by the DBD experiments far exceeds this approx-
imation. Recently, experiments like EXO [10], CUPID-0
[11], SuperNEMO [12], CUORE [13, 14], GERDA [15]
have provided limits of the a
(3)
of parameter through a
careful analysis of the summed energy spectra of elec-
trons in 2νββ decays, using theoretical spectra obtained
with better but still approximate methods of calculation.
In a recent paper [16], we examined the effects of LIV
mainly on summed electron energy spectra and quantities
related to them using Fermi functions built with exact
electron wave functions obtained by numerically solving
a Dirac equation in a realistic Coulomb-type potential,
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with the inclusion of finite nuclear size and screening ef-
fects [17, 18].
In this work, we show that LIV signatures can be
searched as well in the single electron spectra and the
angular correlation between the two electrons emitted in
2νββ decay. First, we derive the formulas for the LIV
contributions to these spectra and employ them using an
improved version of our method described in refs. [16, 17]
to compute these contributions. Then, we discuss possi-
ble signatures that could be probed in experiments. We
find a shift in the single electron spectrum due to LIV
corrections similar to that reported for summed energy
spectrum of the two electrons. Further, we show other
LIV effects that may occur by analyzing the ratio of the
total SME spectra to their SM counterparts in both single
and summed electron energy cases. Another interesting
quantity is the angular correlation spectrum on which
LIV contributions also induce a distinct signature, as we
will discuss. We find that the LIV contributions manifest
differently for positive and negative values of the a˚
(3)
of co-
efficient, increasing in magnitude as the electron energy
gets close to the Q-value. As expected, small a˚
(3)
of magni-
tudes produce less pronounced LIV effects. We perform
this study for the nucleus 100Mo, but the results hold
qualitatively for any other nuclei that undergo a 2νββ
decay.
Formalism. The differential decay rate for the stan-
dard 2νββ process, 0+ → 0+1 transitions, can be ex-
pressed as [19–21]:
dΓ2ν =
[
A2ν + B2ν cos θ12
]
w2νdω1dε1dε2d(cos θ12) (1)
where ε1,2 are the electron energies, ω1,2 are the antineu-
trino energies, and θ12 is the angle between the two emit-
ted electrons. In what follows, we adopt the natural units
(~ = c = 1). Within the Standard Model framework, the
2term w2ν is given by
w2νSM =
g4AG
4
F |Vud|
4
64π7
ω21ω
2
2p1p2ε1ε2 (2)
where gA is the axial vector constant, GF is the Fermi
coupling constant, Vud is the first element of the Cabibbo-
Kobayashi-Maskawa matrix and p1,2 are the momenta of
the electrons.
The quantities A2ν and B2ν can be expressed [21], to
a good approximation, by
A2ν =
1
4
a(ε1, ε2) |M2ν |
2
A˜2×[
(〈KN〉+ 〈LN 〉)
2
+
1
3
(〈KN 〉 − 〈LN 〉)
2
]
B2ν =
1
4
b(ε1, ε2) |M2ν |
2
A˜2×[
(〈KN〉+ 〈LN 〉)
2 −
1
9
(〈KN 〉 − 〈LN 〉)
2
]
(3)
where M2ν are the nuclear matrix elements and a(ε1, ε2)
and b(ε1, ε2) are products of the radial wave functions of
the emitted electrons. 〈KN 〉, 〈LN 〉 are kinematic factors
that depend on the electrons and antineutrinos energies,
on the ground state energy EI of the parent nucleus and
on an averaged energy 〈EN 〉 of the excited states in the
intermediate nucleus (closure approximation). The ex-
pressions for the kinematical factors are given by [19]
〈KN 〉 =
1
ε1 + ω1 + 〈EN 〉 − EI
+
1
ε2 + ω2 + 〈EN 〉 − EI
〈LN 〉 =
1
ε1 + ω2 + 〈EN 〉 − EI
+
1
ε2 + ω1 + 〈EN 〉 − EI
.
(4)
Here, the difference in energy in the denominator can be
obtained from the approximation A˜2 = [W0/2 + 〈EN 〉 −
EI ]
2, where A˜ = 1.12A1/2 (in MeV) gives the energy
of the giant Gamow-Teller resonance in the intermediate
nucleus. The energy W0 is defined as
W0 = Q+ 2me = EI − EF , (5)
where Q is the kinetic energy available for the four lep-
tons, me is the rest energy of the electron, and EF is the
ground state energy of the final nucleus.
The functions a(ε1, ε2) and b(ε1, ε2) are defined as
a(ε1, ε2) =
∣∣α−1−1∣∣2 + |α11|2 + ∣∣α −11 ∣∣2 + ∣∣α−11∣∣2
b(ε1, ε2) = −2ℜ{α
−1−1α∗11 + α
−1
1α
−1∗
1 }
(6)
with
α−1−1 = g−1(ε1)g−1(ε2), α11 = f1(ε1)f1(ε2),
α −11 = f1(ε1)g−1(ε2), α
−1
1 = g−1(ε1)f1(ε2).
(7)
The functions f1(ε1) and g−1(ε2) are the electron radial
wave functions evaluated on the surface of the daughter
nucleus:
g−1(ε) =
∫ ∞
0
g−1(ε, r)δ(r −R)dr
f1(ε) =
∫ ∞
0
f1(ε, r)δ(r −R)dr,
(8)
where R = r0A
1/3, r0 = 1.2 fm.
The derivation of the decay rate with respect to the
cosine of the angle θ12 can be expressed as (referinta?)
dΓ2νSM
d(cos θ12)
=
1
2
Γ2νSM
[
1 + κ2νSM cos θ12
]
(9)
where κ2νSM is the angular correlation coefficient defined
by
κ2νSM =
Λ2νSM
Γ2νSM
. (10)
The decay rates Γ2νSM and Λ
2ν
SM are obtained by inte-
grating Eq (1) over the lepton energies. In the closure
approximation their formulas can be written in a factor-
ized form as follows:
Γ2νSM
ln 2
= g4A |meM2ν |
2
G2νSM,
Λ2νSM
ln 2
= g4A |meM2ν |
2
H2νSM,
(11)
which are essentially products of nuclear matrix elements
(NMEs) and the phase space factors (PSFs) G2νSM and
H2νSM.
Within the SME, the LIV effects in 2νββ decay
can arise from the action of countershaded operators,
namely changing each antineutrino 4-momentum from
qα = (ω, q) to an effective 4-momentum q˜α = (ω, q +
a
(3)
of − a˚
(3)
of qˆ) [9, 22, 23], with a˚
(3)
of the isotropic compo-
nent of (a
(3)
of )
α. Since the two antineutrinos are not mea-
sured, the integration over all orientations leaves only the
isotropic coefficient a˚
(3)
of . This leads to a change in the
form of the antineutrino differential phase space, from
the standard one d3q = 4πω2dω to the one containing
the LIV effects d3q = 4π(ω2 + 2ωa˚
(3)
of )dω. To the first
order in a˚
(3)
of , the term w
2ν in the differential decay rate,
i.e. Eq. (1), acquires the form
w2νSME =
g4AG
4
F |Vud|
4
64π7
p1p2ε1ε2×[
ω21ω
2
2 + 2˚a
(3)
of (ω
2
1ω2 + ω1ω
2
2)
]
.
(12)
In the above expression the first term represents the
SM contribution and the following two terms are the
LIV contributions in the first order in a˚
(3)
of . Following
3the same steps as in the case of SM, we get the SME
expression of the differential decay rate with respect to
the cosine of the angle θ12
dΓ2νSME
d(cos θ12)
=
1
2
Γ2νSME
[
1 + κ2νSME cos θ12
]
(13)
where the angular correlation coefficient κ2νSME is defined
by
κ2νSME =
Λ2νSME
Γ2νSME
. (14)
The decay rates Λ2νSME and Γ
2ν
SME can be expressed as
sums of standard and LIV contributions:
Γ2νSME = Γ
2ν
00 + Γ
2ν
01 + Γ
2ν
10 ,
Λ2νSME = Λ
2ν
00 + Λ
2ν
01 + Λ
2ν
10 ,
(15)
where 00 stands for the SM contributions. The decay
rates can be written in a good approximation in a fac-
torized form as products NMEs and PSFs, as follows:
Γ2νmn
ln 2
= g4A |meM2ν |
2
G2νmn,
Λ2νmn
ln 2
= g4A |meM2ν |
2
H2νmn,
(16)
with mn = {00, 10, 01} and M2ν the NMEs. The PSF
expressions can be written in a compact form:
{
G2νmn
H2νmn
}
= (10˚a
(3)
of )
m+n Cmn
m11−m−ne
×
∫ EI−EF−me
me
dε1ε1p1
∫ EI−EF−ε1
me
dε2ε2p2×
∫ EI−EF−ε1−ε2
0
dω1Ωmn×
{
a(ε1, ε2)
(
〈KN〉
2 + 〈LN 〉
2 + 〈KN 〉〈LN 〉
)
b(ε1, ε2)
[
2
3
(
〈KN 〉
2 + 〈LN 〉
2
)
+ 53 〈KN 〉〈LN 〉
]
}
(17)
with Ωmn = ω
2−m
1 ω
2−n
2 and
C00 =
A˜2G4F |Vud|
4m9e
96π7 ln 2
,
C10 = C01 =
A˜2G4F |Vud|
4m8e
480π7 ln 2
.
(18)
In this study, we consider that LIV influences only
the PSFs. In the PSF definitions, the LIV parameter
(strength) a˚
(3)
of is included in MeV and the energy ω2 of
the antineutrino is determined as ω2 = EI − EF − ε1 −
ε2 − ω1. We observe that the first order LIV contribu-
tions (10) and (01) are functions of ω1 symmetric to the
center of the integration interval [0, EI − EF − ε1 − ε2],
and hence they are equal in value. So, in what follows,
we consider the corrections to the standard PSFs as:
{
δG2ν
δH2ν
}
=


2G2ν10
a˚
(3)
of
2H2ν10
a˚
(3)
of

 . (19)
We note that by making the approximation
〈KN 〉 ≃ 〈LN〉 ≃
2
EI − 〈EN 〉 −W0/2
, (20)
and integrating over the energy of the antineutrino ω1,
one retrieves simplified expressions of the PSFs which
were used in many previous works (see for example [24]
and references therein) and also in the previous LIV an-
alyzes [10–12].
Deriving the decay rate expression versus the kinetic
energy of one electron and to the total kinetic energy of
the two electrons we get the single electron spectrum:
dΓ2νSME
dε1
= C
dG2ν00
dε1
(
1 + a˚
(3)
of χ
(1)(ε1)
)
, (21)
and the summed energy spectrum of the two electrons:
dΓ2νSME
dK
= C
dG2ν00
dK
(
1 + a˚
(3)
of χ
(+)(K)
)
. (22)
where C is a constant including NME, K ≡ ε1+ε2−2me
is the total kinetic energy of the two electrons and
χ(1)(ε1) =
d(δG2ν)
dε1
/
dG2ν00
dε1
;χ(+)(K) =
d(δG2ν)
dK
/
dG2ν00
dK
(23)
are factors that incorporate the deviations of the electron
spectra from their SM forms. Deriving also the decay
rate versus ε1 and cos(θ12), we get the expressions of the
angular correlation and its deviation from the SM form:
dΓ2νSME
dε1d(cos θ12)
= C
dG2ν00
dε1
×
[
1 + a˚
(3)
of χ
(1)(ǫ1) +
(
α2νSM + a˚
(3)
of
d(δH2ν)/dε1
dG2ν00/dε1
)
cos θ12
]
.
(24)
where αSM ≡ (dH
2ν
00 /dε1)/(dG
2ν
00/dε1) is the SM angular
correlation while its SME expression is:
αSME = αSM + a˚
(3)
of
d(δH2ν)/dε1
dG2ν00/dε1
(25)
Deriving the decay rate expression versus cos(θ12)
dΓ2νSME
d(cos θ12)
= CG2ν00×[
1 + a˚
(3)
of
δG2ν
G2ν00
+
(
κ2νSM + a˚
(3)
of
δH2ν
G2ν00
)
cos θ12
]
,
(26)
we can identify (in round brackets) the SME expres-
sion of the angular correlation coefficient κ2νSME. For an
independent treatment with respect to a˚
(3)
of , we define
ξ2νLV ≡ δH
2ν/G2ν00 in units of MeV
−1.
4Results and discussion. We employ the previously de-
rived formulas to calculate the relevant observables in the
case of the 100Mo nucleus. The important quantities are
the PSFs, and for their calculation, we used our method
described in detail in refs. [17, 18]. Here, we use an im-
proved version that better handles the accumulation of
truncation errors.
SM
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FIG. 1. (Color online) Normalized 2νββ single electron spec-
tra within SM with solid line and the first order contribution
in a˚
(3)
of due to LIV with dashed line.
The numerical results are obtained using the following
physical constants: the electron mass me = 0.5110MeV,
the CKM matrix element Vud = 0.9743, the Fermi cou-
pling constant GF = 1.1666 × 10
−11MeV−2, the fine
structure constant α = 1/137 and the Q-value of 100Mo
2νββ decay Q = 3.0344MeV. We note that this value is
the statistical average of multiple experimental results
as described in [16].We use two sets of a˚
(3)
of limits in
our calculations: one reported by the EXO collaboration
(−2.65×10−2MeV ≤ a˚
(3)
of ≤ 7.6×10
−3MeV) [10] and one
reported by the NEMO collaboration (−4.2×10−4MeV ≤
a˚
(3)
of ≤ 3.5× 10
−4MeV) [12].
In Fig 1 we illustrate the normalized single electron en-
ergy spectrum and its deviation due to LIV. The shift in
the SM spectrum towards higher energy values is a corol-
lary of neutrinos violating Lorentz invariance, similar to
that previously found in the summed energy spectra of
electrons [10, 16]. This feature opens the possibility for
a correlated observation of LIV effects in the maxima
of both single and summed energy electrons spectra, al-
though we note that the shift introduced in the single
electron spectrum is smaller than in the summed energy
case.
In order to see other LIV effects, we analyze the ratio
between the total single electron spectrum (including LIV
contribution) and its SM form, namely 1 + a˚
(3)
of χ
(1)(ε1).
We plot this quantity in Fig. 2. One observes that the
FIG. 2. (Color online) The quantity χ(1)(ε1) depicted for
current limits of a˚
(3)
of (dashed for upper limit and dot-dashed
for lower limit). The solid line at χ(1)(ǫ1) = 0 represents the
SM prediction.
curves are very close to each other, but they diverge at
electron energy values approaching Q-value. This diver-
gence is due to a slower descent (in absolute value) of the
LIV spectrum with respect to the SM one at the end of
the energy interval. This effect is quite visible for the set
of a˚
(3)
of limits reported by the EXO collaboration. On the
contrary, when a˚
(3)
of is more stringently constrained, such
as the limits reported by NEMO collaboration, this effect
is practically un-observable. The drawback of searching
for this behavior in the vicinity of Q-value in the single
electron spectrum is the small statistic reachable experi-
mentally at present.
Then, we perform a similar study for the summed en-
ergy spectrum of the two electrons, plotting the quantity
1 + χ(+)(K). As seen in Fig. 3 (plotted using the same
notations as in Fig. 2). The result is an effect similar to
the one from single electron spectrum case and with the
same explanation for the larger values of the LIV con-
tribution at energies close to the Q-value. The summed
energy spectrum presents the experimental advantage of
higher statistic in theQ-value vicinity, where neutrinoless
double-beta decay mode is expected to be observed.
It is also noted that for negative values of a˚
(3)
of , the
quantity 1 + χ(+) may cut the K-axis at a certain elec-
tron energy value. This feature is illustrated in Fig. 3
and is most visible only for a˚
(3)
of value reported by EXO
collaboration. For yet larger K values, the differential
rate becomes negative (non-physical). This peculiar re-
sult can be interpreted either as a need for improving
the LIV theory for 2νββ, in the case of negative a˚
(3)
of val-
ues, to avoid this non-physical behavior or that the a˚
(3)
of
parameter should have only positive values.
Further, we discuss the implications of LIV on the an-
5FIG. 3. (Color online)The quantity χ(+)(K) depicted for cur-
rent limits of a˚
(3)
of .The same conventions as in Fig. 2 are used.
gular correlation spectrum, α2ν , and the coefficient k2νSME.
As seen from Eqs. 25,26, the SME contribution is repre-
sented, in both quantities, by a linear factor controlled
through the a˚
(3)
of coefficient.
FIG. 4. (Color online) The angular correlation spectrum plot-
ted for the current limits of a˚
(3)
of . The same conventions as in
Fig. 2 are used.
Fig. 4 depicts the angular correlation spectrum for the
same set of a˚
(3)
of values. We note, in this case, that the
total angular correlation spectrum for negative values of
a˚
(3)
of exceeds the SM spectrum since δH is also negative,
making the LIV contribution positive. As seen, there is
a similar divergent behavior of the curves as the electron
energy increases, this time because δH2ν decreases slower
than G2ν00 . For the a˚
(3)
of limits provided by EXO, this effect
is visible in the experimentally reachable region of ǫ1,
while using the NEMO limits, it might pass un-observed.
For completeness, we also calculate the LIV effect on
the k2ν parameter. Our SM calculated value for 2νββ
decay is
k2νSM = −0.6836
and differs from other values in literature by less than 5%
[25]. This difference is partly due to employing the clo-
sure approximation and, to a lower extent, to the usage of
less precise radial wave functions. Further, we calculate
ξ2νLV = −4.172 MeV
−1
which can be plugged back into Eq. (26) to obtain the
final dependence of k2νSME on a˚
(3)
of as
k2νSME = −0.6836− 4.172× a˚
(3)
of
where the LIV parameter must be taken in units of MeV.
Given the current limits of a˚
(3)
of , we obtain a maximum
of 5% deviation from the SM prediction of the above
coefficient.
Conclusions. We investigated possible LIV effects in
the single electron spectra and angular correlations be-
tween the two electrons emitted in 2νββ decay in the case
of 100Mo nucleus. We derived the formulae of the LIV
contributions to these spectra and calculated them to an-
alyze different possible signatures that could be probed
in experiments. Besides the shift in the single electron
spectrum due to LIV corrections, we show some other
possible effects that may occur if the ratio between the
electron (single and summed) energy spectra and angu-
lar correlation spectra that include LIV corrections and
their SM forms are analyzed. The features of the LIV
contributions, especially at electron energy close to the
Q-value, depend both on the sign and magnitude of the
a˚
(3)
of coefficient. Investigation of the summed energy spec-
tra is the most appealing experimentally. We also show
that, from a certain electron energy onward, the decay
rate may become negative (i.e., non-physical) for nega-
tive values of a˚
(3)
of . This drawback could be avoided either
by improving the LIV theory for DBD or by considering
only positive values for this coefficient. The study on the
angular correlation spectrum revealed a similar trend: for
less stringent a˚
(3)
of limits, the LIV effect becomes stronger
as the electron energy increases, while for more stringent
values, this effect might pass un-observed. Finally, we
mention that we can provide, at request, experimental-
ists with numerical values of any kinematical quantity,
possibly needed in experimental LIV analyses.
The figures for this article have been created using the
SciDraw scientific figure preparation system [26].
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